© B.B. 3acnaBcKuiA. KpaTKuMit Kypc conpoTUBAEHMA MaTePManos

8.5. 0 PALWOHAJILHOM BBLIBOCPE OGCHOBHOW CHCTEMBI.
WCTMOJIL3CBAHUE TMPIMON U OBPATHOW CHUMMETPUH

-

PannoHanbHOH OCHOBHOH cuCTeMONl JJas 3aJlaHHOH cTaTH-
YeCKH HEONPeAeMHMOil KOHCTPYKIUM sIB/ISETCs: TaKas cicTeMa, NpH KOTO-
poft HanGoJbiee YUCa0 MOGCUHBIX KO3(M(UIIMEHTOB KAHOHHYECKHX yDaB-
Hexuil oOpamaercss B Hyab. Yem Oosbiie KO3QQUUHEHTOB KAHOHHUECKHX
ypaBHeiuii paBHO HYJIO, TeM, OYEBMJHO, TMpOLLe M JIerye PeiinTb 3TH
ypaBHEHUS. . ‘

Ynpowarh peiieHusi 3ajauu PaCKPLITHA CTATHYECKOH Heompeiesu-
MOCTH MOYKHO HCMC/JAb30BaHHEM CHMMETPHYHBIX H COpaTHO CHMMETpHUY-
HBIX cTepxkHeBbiX ciucrem. OTMeTiM, UTO BHYTPEHHHE CHJOBBIE (HAKTOPbL
B CeueHHH OpyCa MOXKHO TaKkKe PaselHTbh HA CHMMETPHUHbIE H 00paTHO
cummerpuutbie, K cHMMETPUYHBIM CHJIOBBIM (DaKTOPAM OTHOCATCSH H3TH-
Garoue MomenTol M, n M, u HOpMaJbHbIE CHJIbI N, Tak Kaxk B ABYX
CMEMKHBIX CEeYeHHsiX Opyca OHH CUMMETPHUYHBI OTHOCHTENbLHO MJIOCKOCTH
paspesa (puc. 8.7), a K 00paTHO (KOCO) CHMMETPHUHBIM OTHOCATCS Nepe-
peasiBaole CHibl Q, 1 Q.  KpyTamme MoMeHTbl My, TOCKOJIBbKY OHH
0OpaTHO CHMMETPHUHLI OTHOCHTENBHO MJIOCKOCTH paspesa.

[Teppas rpynna CHJIOBBIX (AKTOPOB BBI3BIBACT CHMMETDHUHEIE,
a BTOopag — 00PaTHO CHMMETPHYHBIC OTHOCHTE@IBHO IIJIOCKOCTH paspesa
nedopMalny npuaeralluX K paspesy uacreii Opyca.

PacemoTpum cHauyajsa OCOOEHHOCTH CHMMETPHUHBIX CTED?KHEBBIX CH-
crem. [eOMETPHUECKH CHMMETPUYHAS CTePIKHEBasi CHCTeMa C Harpyskof,
CHMMETPUUHOH OTHOCHUTENbHOH TOH »Ke OCH (MJIOCKOCTH), HAa3bIBAETCHA
CHMMETPHYHOH.

BeaegcTaie NOJMHON CHMMETPHH TaKas CHCTeMa MMeeT CHMMETPHYHBIH
B u nocae jgepopmannu. CieI0BaTeNbHO, [epeMeleHns CHMMETpHY-
HBIX CeUeHHIl CHMMETPUUHBLI [10 HAMPABJAEHHI0. ITO O3HAYaeT, YTO B CHM-
METPHUHBIX CEYeHHsIX CHMMETPHYHOH CHCTEMbl OAHOMMEHHBIE CHJIOBBHIC
(dakTopbl (a2 B OMOPHBIX CEYEHHsIX — ONOPHBIE peaxkuuu) paBHBEL IO Be-
JIHYHHE M CHMMETPHYHBI [10 HaNpasJeHHIo.

Eciu paspesarb CHUMMETPHUHYIO CHCTEMY MO OCH (MJIOCKOCTH) CHM-
METPHH, TO HETPYAHO 3aMETHTb, 4TO OOPATHO CHMMETPHYHbBIE BHYTpEH-
Hie CHJIOBbIE (AKTOPHl B 3TOM CEUEHHH ACJAHLL ObiThb PaBHBI HYJIO.
JleficTBHTENbHO, OODATHO CHMMETPHYHBIE CHJIOBbIE (DAKTOPLI OYLYT Bbl-
3piBaTh OGOPAaTHO CHMMETPHYHbLIC [epopMaunH, KOTOpbIE MMPOTHBOPEYAT
xapakrepy jaedopmanuil CHMMETPHYHOH cucTeMbl. Takuwm obpasom,
B CEYEHHH MO OCH CHMMETPHUH CHMMETPHUHOH CHCTEMBI KPYyTALIHE MO-

MeHTbl My U repepesplBaroline CHbl @y
g, ¥ Q. BCeria paBHbl HYJIO.

[Toxaskem crnpaBelIUBOCTb 3THX BBIBC-

JOB Ha IpUMepe IIOCKOH CHMMETPHYHOH

pambl (puc. 8.8). Irta pama npeacras-

JsieT co6oH IJOCKHH 3aMKHYTBIH KOHTYP

U SIBJSIETCS TPHXKAbl CTATHUECKH HEOoIpe-

nenuMol cucremoil, BribepeM OCHOBHYIO

cHCTEMY pas3pe3oM [0 OCH CHMMETPHH.
Puc. 8.7 JlonyCcTuM, yTO BCE€ BHYTPEHHHE CHJIOBBIC
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hakTopel — H3rubaoiue MOMeHTHl X, HOpMaJbHble CHJIBL X, W Ie-
pepesblBaolie CHAbl Xz — OTIHYHBL OT HYJIs.

PackpbiBasi CTATHUECKYIO HEONPeJeJMMOCTb 3a/aud METOLOM CHJI,
3anuileM CHCTeMY KaHOHMUYECKHX YpaBHeHHH

81p 4 013Xy 4 01X,y + 8;3X5 = 0

62P + 8 Xy + 00Xy + 055X = 05
Ogp + Oy X1 4 05Xy + 853X5 = 0.

Jlns BLIUMCJAEHHS €€ KO3((HUHEHTOB MOCTPOMM SIMIOPHI H3rHGAoULH X
MOMEHTOB OT 3ajlaHHOH M €JIHHHYHBIX HArpy3ok (cM. puc. 8.8).

Oniopel OT 3aJaHHLIX HArpy3oK, H3TUOalOUMX MOMEHTOB H HOPMalb-
HBIX CHJ CHMMETPHYHBI, @ OT NepepesbIBaiouX CHJ — oOpaTHO CHM-
meTpuunbl. [IpousBeneHue CHMMETPHUHOH 3MOpbl HAa OGPaTHO CHMMe-
TPUUHYIO PAaBHO HYJIO, MO3TOMY KO3(DHIHEHTbl KAHOHHYECKHX YpaB-
HEHUH

Bgp = 0; 8y = 8y = 0; 83 = 83 = 0.
B pesyabrate cucreMa KaHOHHYSCKMX YPAaBHEHHH NPHHUMAET BUJ
Opp + 813Xy + 81X, = 0;
Oyp + 05Xy + 820X, = 0;
833X5 = 0.

KosdduuneHrt O, OTVIHYUEH OT HYJs H MO3TOMY TepepesbiBarollas

cuna X, paBna HyJo.
Mrtak, B CeyeHUM IO OCH CHMMETPUH CHMMETDHYHOH CTEpIKHEBOH

cucTeMbl 06PAaTHO CHMMETPHUHDLIE CHJIOBbIE (DAKTOPBI PABHBEI HYJIO.
Boiuneasisi  ocraniblible  Ko3(@uIMeHTel KaHOHHYECKHX ypaBHEHHH,
noJiy4yaem

Elbip = — Pa% EJoy = — - P

16

EJ(S”_ = 601; EJ(SI.Z = EJ‘SZl = 4&2; EJ622 == Tas )
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M, pellas CHCTeMY KaHOHHYECKHX YypaBHEHHH, HaXOIUM

Pa ‘
Xym— o x,= 2 p

CyMmapHas 3miopa H3rH0aloMHX MOMEHTOB CHMMETPHYHA OTHOCH-
TeIbHO OCH CHMMETPHH paMmbl, TaK K4K ee OpAHHAThl MpPeICTaB/sIOT
co60ii CyMMBI OPAMHAT CUMMETPHUYHBE, 3MI0p «P», «I» n «2» (OpAUHATHI
JBYX NOC/TeAHUX yBEJIHYHBAIOTCS COOTBETCTBEHHO B X H X, pas). Takum
06pa3oM, MOATBEPXKAEHO M BTOPOE CBOMCTBO CHUMMETPHYHBIX CHCTEM:
CHJIOBblE (PAKTOPHI B CHMMETDHUHBIX CEUEHHSIX CHMMETPHYHOH CTepIKHe-
BOH CHCTEMBI paBHbI N0 BeJHYHHE M CHMMETDHYHBI IO Hamnpas-
JIEHHIO.

MTak, OCHOBHYIO CHCTEeMYy B CHMMETPHYHBIX KOHCTPYKLHSX HaI0
BLIOHPATb YTEM yJaleHusl JUIIHHX CBA3Ed HAa OCH CHMMETPHH H CJIe-
JMTh 32 TeM, uTOoObl M SKBHBAJIEHTHAsi cucTeMa Obljla CHMMETDHYHOH
(TObKO TNpH 3TOM YCJIOBHH PpEANU3YITC CBOHCTBA CHMMETPHYHBIX
cucteM). EcaM B KOHCTPYKUHH HMERTCSl CTepkeHb, HamnpaBJeHHbIH
BIOJb OCH CHMMETPHHM, TO OCHOBHYIO CHCTEMY Hal0 BbIOHpPATb NyTeM
yAaJeHHsl JHIIHMX CBsi3efl B CHMMMETPHYHBIX CEUEHHAX.

NMpumep. Pemnth pamy, mpeicTaBieHHY0 Ha puc. 8.9,

Pewrenue. Ecau He HCIIONBL30BATk CBOHCTB CHMMETDHUHBIX CHCTEM, TO AJfl PAaCKpHI-
THA CTaTHUYECKOH HeonpeaequMMOCTH noTpeGoBanoch Obl peuiaTb CHCTeMY H3 WIECTH JIH-
HelHBIX anrefpandecKux ypaBHenudl. lcnonbsoBanue CBOHCTB CHMMETPHH YNpOAeT
pelueHHe 3ajayuH.

OnuH H3 CTepiKHell pambl COBMajaeT ¢ BePTHKaAbHON Ocbio cHmMMmeTpuu. IlosTomy
OCHOBHYIO CHCTeMy BhifepeM paspesoM GOKOBBIX CTepXKHeil pambl N0 TOPH3OHTa/JIbHOH
ocH cuMMeTpHH. UToGbl SKBHBAJIEHTHasi CHCTeMa Gblia CHMMETDHUHOM, BHeulHHe Cuisl P
OTHECEM PaBHBIMH 4acCTAMH K OGeuM CTOpOHAM paspesa.

B cHIY CHMMETPHH paMbl OTHOCHTEIbHO BEPTHKANbHOH OCH CHJIOBbe aKTOpEl B NPO-
BeJlelHbIX CEYCHHAX paBHbI [10 BeJHYHHE H NPOTHBOINOJOKHEL N0 HARPaBJEHHIO, a BCIEA-
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CTBHEe CHMMETPHH OTHOCHTEJNBbHO [‘OpH30HTaJ'IbHOﬁ OCH nepepesbBarolie CHJIBL B 3THX

CeyeHHAX DaBHE HYJIO.
CHCTeMa KAaHOHHUECKHX YPABHEHHA HMeCT BHJ
81p + 011X 1+ 812Xy = 0; Bop o 821 X1 + 850X = 0.

ﬂepeMHox{aﬂ MIOPH! {cm. pHC. 8.9), Haxoaum KOSCi)(pHLLHEHTbl 3TOH CHCTEMB]
EJ6,p == -—5Pa2; E.fﬁgp = —4Pa? EJ(SH = ]20’,;

EJSIQ = EJ(SQI = 8a2, EJ622 — _.3_ as,

Pewenye KaHOHHIECKUX ypaBHeHuii naet X; = Pa/3; X, = P/8. CymmapHnas amopa
M, npusenena na puc. 8.9.

PaccmoTpum Tenepb 0OpaTHO CHMMETPHYHBLIE CTEPKHEBBIE CHCTEMH.

[eomeTpuyecKrn CUMMETPHYHBIE CTEPHKHEBbIE CHCTEMBI C HAarpyskoH,
006paTHO CHMMETPHUYHOH OTHOCHTENBbHO OCH (IJIOCKOCTH) CHMMETPHH
CHCTeMbl, Ha3plBalOTCsi 00PATHO CUMMETPHYHBIMH, HJIH KOCO CHMMETDHY-
HBIMH.

[Tlep emermeHusi CUMMETPHUHBIX CEYEHHH TAKOH CHCTEMBI H OJHOHMEH-
Hble BHYTPEHHHE CHJIOBbIE (PAKTOPBI B HUX PABHbLI 110 B&JHYHHE H 06PaTHO
CHMMETPHUYHBI MO HamnpasjeHuto. B ceueHun Ha OCH CHUMMETPHH CHMMe-
TPUYHbIE CHJIOBBIE (DAKTOPBI BCEr/ld PaBHEI HYJIO, TaK K4K OHU BBLI3LIBAIOT
CHMMETpHUHbIe JehopMalluy, He COOTBETCTBYIOUIHE XapakTepy aedopma-
HMA OT 3aJaHHOH HarpyskH.

[ToaTBepaAMM H3J0XKEHHOE HA [pHMepe IJIOCKOH 00paTHO CHMMETPHY-
HOH pambl (puc. 8.10). BpiOepeM OCHOBHYIO CHCTEMY Paspes3oM pambl IO
OCH CHMMETPHH H MOCTPOMM 3MIOPbl H3rHOaromuX MOMEHTOB OT 3alaHHBIX
HArpy30K H €JMHHUYHBLIX YCHJHH, TNPHIOKEHHLIX BMECTO HCKOMBIX CH-
JoBbIX (akTopoB (cm. puc. 8.10).

CocTaBUM KaHOHMYECKHE YpaBHEHHS

Sip 4 01Xy 4 01Xy + 013X5 = 0
Oyp ~F 051 X1 - 020Xy 4 853 X5 = 0;
bsp -+ 631)(1 -+ 632)‘:2 4 é33X3 =0

H BuuncanM KoshdUIHENTs 3TOfl cHcTeMbl cnocofoM Bepemaruna,



Tak kak npousBejeHHe CHMMETPHYHOH 3MIOpbl Ha 0OpaTHO CHMMe-
TPHUHYIO paBHO HYJO, TO Oyp = 0; 83p = 0; 831 = 653 = 0; 8y =
Mrtak, cucreMa KaHOHHYECKHX VYPaBHEHHMH pacnajaercss Ha JBe

FpyNNbL:
81p 4 811X, =05

855 X5 -+ 5%3)(3 =0; }
632X2 + 633X3 = 0.

Bropas rpynna npeiacraB/isieT coOOH cHCTeMY JHHEHHBIX OLHOPOI-
HBEIX YpaBHEHMH, ONpeleqHTeab KOTOpPoH oTiauueH oT Hyad. Orcrona
cJIeAyeT, 4YTO HopMaJsbHas cuna X, U uarubawooiunii MoMeHT Xz B CEUEHUH
N0 OCH CHMMETDHH pambl PaBHbI HYJIO.

Mtak, nmoAaTBep:KIEHO, YTO B CEUEHHM [0 OCH CHMMETPHH 0OpaTHO
CHMMETPHYHOH CTePKHEBOH CHCTEMbl CHMMETPHYHBIE CHJIOBLIE PAKTOPHI —
H3rufbalouiie MOMEHTH H HOPMaJsIbHbIE CHJIbI PaBHBI HYJIO H MOTYT JA€H-
CTBOBATb TOJbKO OGPAaTHO CHMMETPHUYHBIE CHJOBBIE (akTOpnl. A 3TO
03HAYaeT, YTO B CHUMMETPHUHBIX ceueHHsaX (B TOM YHCJI€ H ONOPHLIX)
0o6paTHO CHMMETPHYHBIX CTEDIKHEBBIX CHCTEM CHJIOBbl€ (PaKTOPHI PaBHBI
no BeJHYHHE H 00paTHO CHMMETPHYHBI MO HAanpabBJeHHIO.

- HMcnonb3oBanue B pacyerax OTMEUEHHBIX CBOHACTB OOpaTHO CHMMe-
TPHYHBLIX CHCTEM I[103BOJIsSIeT CYLIECTBEHHO YINPOCTHUTbL PelleHHEe 3aJauH.
Jnsi paccmarpuBaemoil Ha puc. 8.10 3azaud KO3(pHIHEHTH KaHO-

HHUeCcKoro ypasHeHus O,p + 0,,X, = U Oyayrt:
EJS;p= — 4Pa% EJSy = —5-a',

6
M, COTJIaCHO TMepBOMY YpaBHEHHIO, X1=~7-P.
CyMmapHasi smopa u3rubaromuX MOMEHTOB HMeeT 00paTHO CHMMe-

TpHUHBLIH BHJ (cM. puc. 8.10). 7 7 p
Mpumep. PewnTs pamy, npeacTap- = z z

neunylo Ha puc. 8.11. — =
Pewenne. Cornacuo cBoiicTBY oG- —"™ >

paTiHo CHMMETPHUHBIX pPaM, OJHOUMEHHbE

ONOPHLIE peaKUHH paBHE N0 BeJHUHHE 7 d l.

H [POTHBONONOKHB N0 HANPABJICHHIO,

CaegoBarenbho, Ry =0, R, = M/l. |§ .0 "
Smiopa M5 NoKazana Ha puc. 8.11. A X,
IIpumep. PackphiTb  CTAaTHYECKYIO ;

HEeOnpeAeJIHMOCTE pambl, nNpencTaBJleH-

Hoil na puc. 8.12. ? ‘
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Pue. 8.13 Puc. 8.14

Pewenne. [lannas pava o6patHO CHMMETPHUHA, B 5TOM HETPYANO yGeAHThCs, Mpen:
CTABUB pacTpeflesIeHHYI0 HarPY3Ky Tak, Kak MOKasaHO Ha pHC. 8.12, OCHOBHYIO CHCTEMY
NOAYYHM, CHAB FOPH30HTAJbHbIE CBASH B HIKHMX IIADHHDHEIX ONOpAX. B nanHoM cay-
yae B KauecTBe OCHOBHOI EhiGpana, Booblie roBops, CTATHYECKH HeOlpeleqHMan CHCTEMA.
OfHAKO fpH OOPaTHO CHMMETpHUHOH HAarpyske ONOpHble PeAKUMM B KATKOBBIX 0NOpax
GyAyT paBHbI N0 BEJIHYHHE H UPOTHBONOJIOKHD 10 HANPABIEHHIO ¥ UX MOXKHO ONPEACHTD.
U3 YPaBHEHWA PABHORECHS. \

KoahduunenTbl KAHOHHUECKOrO ypaBHEHHS Oip -+ 611Xy = 0 mualfigem uepemMHOXe-
HHEM 3MIOp:

I R I -
EJ(SIPS-———E-—'Z,;Q '2(1‘-3—'4(1——2'—?2— qa Q- 3 a = — 3 qa,
! 2 ! 4 I a 4 56
EJ(S“E—'T'4a'20-—§-~4a-{—2--Q-'QG'20'-3—G—I—4'—'-5—-20}--?--?-&---"—3—'-'@.
11
Torna le—aa—qa. -

Cymmagéias 3niopa OpencraBleHa Ha pHe. 8.12.

OCTaHOBUMCSl Temepb Ha OCOOEHHOCTAX pacyera HEHTPaNbHO CHM-
MEeTPHYHBIX (pHC. 8.13) 1 LeHTPaNbHO 0GPATHO CHMMETPHYHLIX (pHC. 8.14)
paM. B mepsoM ciyuae npu IOBOPOTE OJAHON IMOJIOBHHBI paMbl BOKPYT
ueHTpa cummeTpuu Ha 180° BHemHue Cuabl P coBnajanT no Hanpasie-
HHIO, @ BO BTOPOM — OKaxKyTCSl MPOTHBONOJIOKHBI IO HAaNpaBJeHHIO.

Paspexem o6Ge pambl MO UEHTPY CHMMETPHH U MpPEICTaBHM cebe
xapakrtep nedopmaliy 3THX pam nof AedcrBuem cum P. M3 puc. 8.13
BHIHO, YTO CEUeHHs paMbl B MECTe paspesa He MOBOPauyMBaloTCsa JApYT
OTHOCHTEJBHO JPYTa, a TOJBKO PACXOASTCS B BEPTHKAJIBHOM M TOPH30H-
TAaNbHOM HAmpaBJeHWsiX. DTO O3HAYaeT, YTO B CedyeHHH H3rubarome
MOMEHTbl PaBHBI HYJI0 M AEHCTBYIOT TOJNBKO HOpManibHble X, H mepe-
pesbiBaoue CUabl Xj.

B Takux ke ceueHusX BTOpoil pambl (cM. puc. 8.14), maoGopor,
NOJAKHBL JeHCTBOBATh H3rubaioue MOMeHThl X; u OyIyT OTCYTCTBOBAThH
HOpMAaJIbHbIe M [epepesbiBalollhe CHJbl, TaK KaK 3TH CEUeHHs TOJIbKO
MOBQPAYHBAIOTCS APYT OTHOCHTENBHO Jpyra.

B uenTpasbHO CHMMETPHUHBIX M OOpaTHO CHMMETDHUYHBIX pamax
OCHOBHYIO CHCTEMY CJI€AyeT BbGHPATb yJaleHHeM JIMLIHHX CBsI3ed B ce-
YeHHH N0 UEHTpYy CHMMETDHH.

B cMelaHHbIX CTAaTHYECKH HEONpeNeIUMbIX KOHCTPYKUHAX TIPH
BbLIGOPE OCHOBHOM CHCTEMBI CIEAYeT CHaya/la paspesaTb TATH M [1PYKUHBI
H TOJIbKO I0CJAEe 3TOr0 YIaJuTh JHIINHE CBSI3SH B 3JIEMEHTaX pPaMHOrO
THIA,
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Mpumep. OnpereauTs ycuaue B Trax H NOCTPOHTBL CYMMAapHYIO 30I0pYy H3rnbalommux

MOMEHT

OB [/l pambl, NpefCcTaBJeHHOH Haespuc. 8.15, ecnu J, =

1 2
TF&.

Pewenue, BCJ'IE,II,CTBHG CHMMETPHH pamMbl OTHOCHTEJbHO BGPTHKHJIbHOfI OCH YCHJIHA

B Tsrax OyJAyT paBHBEl 110 BeJHYHHE H CHMMETPHUHBl N0 HaNpaB/JeHHI0. DKBHBAJEHTHas
CHCTEMa H 3MI0Pbl OT 3aJlaHHOH HAarpy3KH W eJMHMYHLIX CHMJI noKasaHel Ha pHc. 8.15.

Buiuucassa kospdunuents Kanonuueckoro ypasuenusi 8;p -+ 6;;X; = 0 no dopmyae
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CuepoBaTe/ibHO, HOpMaJibHble CHJABI B TATax X; = —21—(—7)—13.

CymmapHras sniopa M,
MajibHBIX cua N B Tdrax.

npusefeHa Ha puc. 8.15. Tam e npuBefeHbl 3HAYEHHS HOp-



